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Background

Sturm-Liouville is a broad class of operators that
arise in physical applications. Given an interval
(a, b) ⊂ R and three real-valued functions p, q
and r satisfying p, r > 0 on (a, b), we can define
the weighted Hilbert space L2((a, b); r(x)dx)
(henceforth L2), the quasiderivative pf ′, and
finally the Sturm-Liouville differential ex-
pression

τf = 1
r

[
− (pf ′)′ + qf

]
.

Since this is a second-order differential expression,
for any z ∈ C, the equation τy = zy will have two
functions as solutions (up to scalar multiples). We
can use these solutions to classify the endpoints of
(a, b): τ is in the limit circle case at a if each
solution lies in L2 near a and in the limit point
case at a otherwise. Weyl’s alternative states that
these classifications are independent of the choice of
z [1]. By pairing τ with a dense domainD ⊂ L2, we
obtain a Sturm-Liouville operator. This oper-
ator will have deficiency indices equal to the number
of limit circle endpoints.
This project studies Sturm-Liouville operators
through the lens of Krein’s resolvent formula,
which compares two self-adjoint extensions of some
symmetric minimal operator via the difference of
their resolvent operators [2]. This resolvent differ-
ence has rank less than or equal to the deficiency in-
dices of the original operator, so in our case its range
will be either one- or two-dimensional – much more
manageable than the infinite-rank operator that we
start with.

Goals

The explicit form of Krein’s formula has already
been determined in the regular Sturm-Liouville case
[3]. We aim to extend this work to singular oper-
ators, meaning that there may be functions in the
operator domain whose values at the endpoints are
undefined.

Goals (Cont.)

We define the maximal operator Tmax as the “largest
possible” L2 operator generated by τ ; its adjoint
Tmin is symmetric, and certain extensions of Tmin are
self-adjoint. We then fix a distinguished reference
extension T0 ⊃ Tmin and compute the difference
between its resolvent and the resolvent of any other
self-adjoint extension. As an example, we turn to
operators based on the Bessel expression

τνf = −f ′′ +
ν2 − 1

4
x2 f, ν ∈ C

on the interval (0,∞).

The Resolvent Difference

The resolvent difference Rz(Tθ)−Rz(T0) maps into
the kernel of (Tmax − zI), so to write it explicitly,
we need a vector which spans that kernel. We pick
theWeyl-Titchmarsh solution wz, which is the
unique function satisfying
• τwz = zwz,
•wz ∈ L2, and
• [wz, φa](a) = 1.
Finally, we obtain the following formula:

Rz(Tθ)−Rz(T0) = 〈wz, · 〉wz
cot(θ) + [wz, ψa](a)

.

Key Definitions

•Lagrange Bracket: [f, g](x) = f (x)(pg′)(x)− (pf ′)(x)g(x), x ∈ (a, b)
•Maximal Operator: Tmaxf = τf, dom(Tmax) = {g ∈ D(a, b) | g, τg ∈ L2}
•Minimal Operator: Tminf = τf ,

dom(Tmin) = {g ∈ dom(Tmax) | ∀h ∈ dom(Tmax), [g, h](a) = [g, h](b) = 0}
•Boundary Condition Basis (at a): functions φa, ψa ∈ dom(Tmax) such that [ψa, φa](a) = 1
•Resolvent Operator: Rz(T ) = (T − zI)−1, z ∈ ρ(T ) ⊂ C

Parameterization of Self-Adjoint
Extensions

From here on, we assume that τ is in the limit circle
case at a and the limit point case at b. Then every
self-adjoint extension of Tmin will have the form
Tθf = τf,

dom(Tθ) = {g ∈ dom(Tmax) | cos(θ)[g, φa](a) +
sin(θ)[g, ψa](a) = 0}

for some θ ∈ [0, π). Each pair of self-adjoint
extensions is relatively prime, meaning that
dom(Tθ1) ∩ dom(Tθ2) = dom(Tmin) for θ1 6= θ2.

Bessel Operators

By setting (a, b) = (0,∞), r(x) ≡ p(x) ≡ 1, and
q(x) = ν2−1

4
x2 , we obtain the Bessel expression as seen

above. This expression is defined for any complex ν,
but we limit ν to the real interval [0, 1), guaranteeing
that τν is in the limit circle case at the endpoint
0 and the limit point case at ∞. When ν 6= 0,
the boundary condition basis and Weyl-Titchmarsh
solutions are as follows:
•φ0,ν(x) = x

1
2+ν,

•ψ0,ν(x) = 1
2νx

1
2−ν, and

•wz,ν(x) = iΓ(1−ν) sin(νπ)zν/2

2ν+1ν x1/2H (1)
ν (z1/2x),

where H (1)
ν is the Hankel function of order ν.

Next Steps

With regard to Bessel operators, we now have all the
pieces needed to find the resolvent difference opera-
tor. Using the trace of the resolvent difference and
a technique called Stieltjes inversion, we can com-
pute a spectral shift function which provides
information about negative eigenvalues of Tθ.
On the abstract side, note that this poster covers
only the limit point–limit circle case. The case of two
limit point endpoints is trivial, but two limit circle
endpoints result in a rank two resolvent difference
which is considerably more nuanced. More detail
can be found in [4].
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